
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 22, No. 3, May–June 1999

Engineering Notes
ENGINEERING NOTES are short manuscripts describing new developments or important results of a preliminary nature. These Notes cannot exceed 6
manuscript pages and 3 �gures; a page of text may be substituted for a � gure and vice versa. After informal review by the editors, they may be published within
a few months of the date of receipt. Style requirements are the same as for regular contributions (see inside back cover).

Controller Design of Periodic
Time-Varying Systems via
Time-Invariant Methods

Yung Jae Lee¤

Dynacs Engineering Company, Houston, Texas 77058
and

Mark J. Balas†

University of Colorado, Boulder, Colorado 80309-0429

I. Introduction

R ECENTLY, Sinha and Joseph1 consideredthe pole assignment
problem in a linear periodic time-varying system using time-

varying state feedback. The authors suggested designing the out-
put feedback controller and estimator with the Floquet transformed
time-invariantsystem.However, themethoddevelopedto design the
time-varying feedback gains has some problems and cannot always
guarantee the stability of the original linear time-varying system.
Here, we will revise the algorithm and develop a new control tech-
niqueof the linear time-varyingsystembasedon theoutputfeedback
control algorithm with time-varying control gains.

II. Controller Design Formulation
A. Full State Feedback Controller Design

First, we introduce the technique to design the time-varying
controller with time-varying feedback gains that are based on the
Lyapunov–Floquet transformed system. Let us consider the linear
periodic time-varying system (LPTS) described by the following
state equation:

Px.t/ D A.t/x.t/ C B.t/u.t/ (1)

y.t/ D C.t/x.t/ (2)

Applying the Lyapunov–Floquet transformation, one can write
Eqs. (1) and (2) as

Pz.t/ D NAz.t/ C NB.t/u.t/ (3)

y.t/ D NC.t/z.t/ (4)

where NA D P¡1.t/A.t/P.t/ ¡ P¡1.t/ PP.t/ is a constant matrix, and
NB.t/ D P¡1.t/B.t/ and NC.t/ D C.t/P.t/ are periodic time-varying
matrices.

Now, consider the ideal system of the form

Pz¤.t/ D NAz¤.t/ C NBu¤.t/ (5)

y¤.t/ D NCz¤.t/ (6)

where NB and NC are constantmatricessuch that ( NA, NB) is a controllable
and ( NA, NC) is an observable pair, respectively.
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Then the full state feedback control law of the linear time-
invariant system (5) is

u¤.t/ D NGz¤.t/ (7)

where NG is a constant gain matrix that can be designed to make the
ideal system (5) stable.

To get the full state feedback control law of the original LPTS,
let us de� ne the error signal

e¤.t/ ´ z.t/ ¡ z¤.t/ (8)

Then the error system from Eqs. (3) and (5) can be represented as

Pe¤.t/ D [ NAz.t/ ¡ NB.t/u.t/] ¡ [ NAz¤.t/ C NBu¤.t/]

D NAe¤.t/ C [ NB.t/u.t/ ¡ NBu¤.t/]

D . NA C NB NG/e¤.t/ C [ NB.t/u.t/ ¡ NB NGz.t/] (9)

To make the error system (8) stable, the second term of the equation
must be zero, i.e., NB.t/u.t/ ¡ NB NGz.t/ D 0. If we assume that NB.t/
has a full rank for a time period T , then we can get the full state
feedback control law of LPTS:

u.t/ D [ NB#.t/ NB NG]z.t/ D NG.t/z.t/ (10)

where NB#.t/ ´ [ NBT .t/ NB.t/]¡1 NBT .t/ is the Moore–Penrose pseudoin-
verse that satis� es NB#.t/ NB.t/ D I and NG.t/ is a time-varyingfeedback
gain matrix.

Now, to check the closed-loop stability of the ideal system, sub-
stitute Eq. (10) into Eq. (9):

Pe¤.t/ D . NA C NB NG/e¤.t/ C [ NB.t/ NB#.t/ NB NG ¡ NB NG]z.t/

D . NA C NB NG/e¤.t/ C [ NB.t/ NB#.t/ ¡ I] NB NGz.t/

D . NA C NB NG/e¤.t/ C 1B.t/ NB NGz.t/

D [ NA C NB NG ¡ 1B .t/ NB NG]e¤.t/ C 1B .t/ NB NGz¤.t/

where 1B .t/ is given by NB.t/ NB#.t/ D I ¡ 1B .t/.
So the whole closed-loop system can be written as

Pe¤

Pz¤ D
NA C NB NG 0

0 NA C NB NG

¡ 1B .t/ NB NG 1B .t/ NB NG
0 0

¢
e¤

z¤

D [Ao C 1A.t/] ¢
e¤

z¤ (11)

Theorem2: Consider an LPTS

Pw.t/ D AC.t/w.t/ D [Ao C 1A.t/]w.t/ (12)

where Ao is a constant, stable matrix and 1A.t/ is a periodic time-
varying matrix that is bounded by ", i.e., k1A.t/k < ".

Then the fundamental matrix of Eq. (12) is bounded by

k8C .t; 0/k · Ko ¢ e¡¾c t

where ¾c ´ ¾o ¡ Ko" and keAo t k · Ko ¢ e¡¾o t .

486



J. GUIDANCE, VOL. 22, NO. 3: ENGINEERING NOTES 487

Also if " is bounded by ¾o=Ko , i.e., 0 < " < ¾o=Ko , then the sys-
tem is exponentially stable.

Corollary2: In Eq. (11), if k1B .t/k is suf� ciently small, then
kz.t/k is bounded by kz.t/k · K ze¡¾c t; where ¾c ´ ¾o ¡ "Ko and
Kz D 4Ko ¢ ke¤.0/k.

III. Controller Design with State Estimator
Up to now, we have discussed the design of the time-varying

feedback gain matrix NG.t/. Based on this new approach, we can
design the time-varying observer much more easily than with the
existing method.

We begin by consideringthe Lyapunov–Floquet transformedsys-
tem with the state estimator:

POz.t/ D NAOz.t/ C NB.t/u.t/ C NK.t/[ y.t/ ¡ Oy.t/] (13)

Oy.t/ D NC.t/Oz.t/ (14)

Also, rede� ne the ideal system (5) and (6) in the form

POz¤.t/ D NAOz¤.t/ C NBu¤.t/ C NK[ y¤.t/ ¡ Oy¤.t/] (15)

Oy¤.t/ D NCOz¤.t/ (16)

where gain matrices NG and NK can be determined by using pole
placementor the linearquadraticregulatoralgorithmand the control
input u¤.t/ is de� ned as u¤.t/ ´ NGOz¤.t/.

Now, we focus our attentionon getting the time-varyingobserver
gain matrix NK.t/. Let us de� ne the error signals

e¤.t/ D z.t/ ¡ z¤.t/ (17)

Oe¤.t/ D Oz.t/ ¡ Oz¤.t/ (18)

DifferentiatingEq. (18), we can get
POe¤.t/ D POz.t/ ¡ POz¤.t/

D NAOz.t/ C NB.t/u.t/ C NK.t/[ y.t/ ¡ Oy.t/]

¡ NAOz¤.t/ ¡ NBu¤.t/ ¡ NK[ y¤.t/ ¡ Oy¤.t/] (19)

By substituting Eqs. (14) and (16), we can rewrite Eq. (19) in the
form

POe¤.t/ D . NA ¡ NK NC/Oe¤.t/ C [ NB.t/u.t/ ¡ NB NGOz¤.t/] ¡ NK NCe¤.t/

C [ NK.t/ NC.t/ ¡ NK NC] ¢ [z.t/ ¡ Oz.t/] (20)

To make the systemequation(20) stable, the last term of theequation
must be zero, which implies that

NK.t/ NC.t/ ¡ NK NC D 0 ) NK.t/ D NK NC NC#.t/ (21)

where NC#.t/ is the Moore–Penrose pseudoinverse that satis� es
NC#.t/ NC.t/ D I.

We now examine the stability of the whole closed-loop system
with time-varyinggain matrices NG.t/ and NK.t/. The resultingclosed-
loop system of Eqs. (3), (4), (18), and (19) is written as

Pz
POz

D
NA NB.t/ NG.t/

NK.t/ NC.t/ A C NB.t/ NG.t/ ¡ NK.t/ NC.t/
¢

z
Oz

D
NA NB.t/ NB#.t/ NB NG

NK NC NC#.t/ NC.t/ NA C NB.t/ NB#.t/ NB NG ¡ NK NC NC#.t/ NC.t/
¢

z

Oz

D
NA NB NG

NK NC NA C NB NG ¡ NK NC

C
0 ¡1B .t/BG

¡KC1C .t/ ¡1B .t/BG C KC1C .t/
¢

z
Oz

D [ NAo C 1 NA.t/] ¢
z
Oz

(22)

where NAo is stable and 1B .t/ and 1C.t/ are given by NB.t/ NB#.t/ D
I ¡ 1B .t/ and NC#.t/ NC.t/ D I ¡ 1C .t/, respectively.

Therefore, by the theorem, if 1 NA.t/ is small, the whole closed-
loop system is stable.

IV. Numerical Results
Consider the commutativeLPTS by the set of equationsas shown

next:

Px.t/ D ! ¢
¡1 C a ¢ cos2.!t/ 1 ¡ a ¢ cos.!t/ ¢ sin.!t/

¡1 ¡ a ¢ cos.!t/ ¢ sin.!t/ ¡1 C a ¢ sin2.!t/

¢ x.t/ C
0

1
¢ u.t/

(23)

y.t/ D [1 0] ¢ x.t/

where ! D 2¼ and ® D 1:2.
Note that we choose® D 1:2 to compare the result to that of Sinha

and Joseph.1

The fundamental matrix 8.t; 0/ of this system can be written
as

8.t; 0/ D
e.® ¡ 1/!t cos.!t/ e¡!t sin.!t/

¡e.® ¡ 1/!t sin.!t/ e¡!t cos.!t/
D P.t/ ¢ e NAt

where the Lyapunov–Floquet transformationmatrix is

P.t/ D
cos.!t/ sin.!t/

¡sin.!t/ cos.!t/
; e NAt D

e.® ¡ 1/!t 0

0 e¡!t

Based on the Lyapunov–Floquet transformation, we can get the
time-invariant system of the original time-varying system:

Pz.t/ D
!.® ¡ 1/ 0

0 ¡!
¢ z.t/ C

¡sin.!t/

cos.!t/
¢ u.t/

(24)
yt D [cos.!t/ sin.!t/] ¢ z.t/

And let us de� ne the ideal system as

Pz¤.t/ D
!.® ¡ 1/ 0

0 ¡!
¢ z¤.t/ C

1

1
¢ u¤.t/

(25)
y¤.t/ D [1 1] ¢ z¤.t/

which is controllable and observable.
Suppose that we use the pole placement approach to design the

controllerand estimatorof the system,which means we shall decide
the constant gain matrices NG and NK so that the closed-looppoles of
NA ¡ NB NG and NA ¡ NK NC are located at the left half plane of the j! axis.
If we put NG D [g1 0] and NK D [k1 0], then the stability conditionof
g1 and k1 will be g1 > !.® ¡ 1/ D 1:256 and k1 > !.® ¡ 1/ D 1:256,
respectively. (Note that this stability condition is just for the ideal
system, not for the original time-varying system.) To � nd the stabil-
ity condition of the original system, we need to check the matrices
NA ¡ NB.t/ NG.t/ and NA ¡ NK.t/ NC.t/.

By substituting NG.t/ D NB#.t/ NB NG D fg1[cos.!t/¡sin.!t/] 0g, we
obtain

NA ¡ NB.t/ NG.t/ D

!.® ¡ 1/ C g1 sin.!t/ ¢ [cos.!t/ ¡ sin.!t/] 0

g1 cos.!t/ ¢ [cos.!t/ ¡ sin.!t/] ¡!

where g1 cos.!t/ ¢ [cos.!t/ ¡ sin.!t/] is bounded.
Therefore to make the matrix NA ¡ NB.t/ NG.t/ stable, the � rst term

of the matrix !.® ¡ 1/ C g1 sin.!t/ ¢ [cos.!t/ ¡ sin.!t/] must
be bounded, which is g1 > 2!.® ¡ 1/ D 2:412. Similarly, for k1,
k1 > 2!.® ¡ 1/ D 2:412.
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Fig. 1 Step response of the time-varying commutative system ( ÅG = ÅK =
[1:2699 0]).

Fig. 2 Step response of the time-varying commutative system ( ÅG = ÅK =
[3:7699 0]).

Figures1 and 2 show that the time responseof the systemdepends
on the value of g1 and k1, respectively.

V. Conclusion
This Note is devoted to the design of the time-varying controller

and estimator of the linear periodic time-varying system. New sta-
bility conditions have been developed based on Singh and Joseph’s
algorithm. The effectivenessof the result was demonstrated by nu-
merical example where the controller and estimator design for the
commutative time-varying system has been successfully achieved
and the stability of the whole closed-loopsystem with differentval-
ues of gain matrices considered.
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Introduction

S EVERAL investigatorshave studied the free-� ying space robot
consistingof a satellite vehicle and manipulators.1¡4 All of the

studies have discussed only the case when the manipulators do not
handle any objects, or the payloads are known without uncertainty.
Robust stability of those controllers has not been studied against
the kinematicaland dynamicalvariation.The performancebecomes
worse when the manipulatorshandlepayloadswith uncertaininertia
parameters.5 Murotsu et al. have proposed two parameter identi� -
cation methods,5 where a two-stage procedure is necessary, i.e., a
controllermust use the estimatedparametersafter the identi� cation.
Slotine and Li6 proposed an adaptive control for the unknown pay-
load manipulation on the ground, but it cannot be applied directly
to space robots. Yamamoto et al.7 and Iwata et al.8 proposed adap-
tive controllers for space robots. The former is applicableunder the
translationalandangularmomentumconservationwhereasthe latter
does not discuss the stability. Based on Slotine’s method, this Note
proposes a dynamics-based adaptive controller for the space robot
with a position/attitude control system when the robot manipulates
a payload.

Equations of Motion
In general, the equations of motion of a space robot can be de-

rived as

M Pu C h D n (1)

where u D .vT
0 !T

0
PµT /T and n D . f T

0 ¿ T
0 ¿ T

µ /T . M is an inertiamatrix,
and h denotes the centrifugal and Coriolis forces. The variables v0

and !0 are the translationaland the angularvelocitiesof the satellite,
respectively, and µ is the vector of joint positions of the manipula-
tors. The generalizedforces f0 and¿ 0 representthe translationaland
the rotational forces applied to the satellite, respectively.¿ µ denotes
the joint forces. Formally the same equation as Eq. (1) is obtained
by the Newton–Euler method and the Lagrangian method, though
this study formulates the equations for numerical simulations by
Kane’s method in the same manner as Yamada et al.9 If the satellite
attitude variable PÁ0 satis� es !0 D PÁ0 , Eq. (1) can be rearranged as
follows where Pq D u:

M Rq C h D n (2)

The unknown parameters¯ to be estimated are the inertia param-
eters of the combinedbody of the handand the payloadmanipulated
by the robot. The left side of Eq. (2) can be linearized with respect
to ¯ as

M Rq C C Pq D P.q; Pq; Pq; Rq/¯ C Q (3)

where P.q; Pq; Pq; Rq/ called the regressor is a matrix function of q; Pq,
and Rq. The � rst Pq in P is the vectorof independentvariablesin C, and
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